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We numerically compute the Rényi entropy for four-dimensional free scalar ﬁeld theory with a spherical
entangling surface. As is well known, the Rényi entropy as a function of the boundary area exhibits linear
dependence in the leading order. The coeﬃcient of the subleading logarithmic term from our numerical
data, as a function of the Rényi order q, agrees nicely with the general prediction of conformal ﬁeld
theory computation. The motivation of this work is also partly to see how the eﬃciency of numerical
computation changes as a function of q. For q < 1 the summation over eigenvalues of reduced density
matrix takes longer since the series converges more slowly than for q = 1. For q > 1 the convergence is
faster, but the relative error becomes large as a general trend.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
In this paper we largely follow the prescription of Srednicki [1]
and apply it to compute the Rényi entropy numerically for a scalar
ﬁeld in four dimensions. For simplicity, like in [1] we will choose
a spherical surface of radius R as the entangling surface.
The deﬁnition of entanglement entropy involves dividing the
space into two disjoint subsets. For a given density matrix of the
entire system, we ﬁrst eliminate the quantum degrees of freedom
in one subset by taking the trace over it.
ρA = TrB ρtotal. (1)
After this manipulation, ρA becomes a mixed state even if we start
with pure state ρtotal. Then the entanglement entropy between re-
gions A and B is deﬁned as the von Neuman entropy of ρA ,
SEE = −TrA ρA logρA . (2)
One can in fact easily show that [1] if ρtotal is pure, then SEE =
−TrB ρB logρB is also true. This symmetry implies that if this
quantity is well-deﬁned then it should depend only on the bound-
ary between A and B . This area law was explicitly conﬁrmed
through numerical computation in [1].
A reﬁnement of entanglement entropy, as a one-parameter de-
formation, is given by the Rényi entropy.
SRE(q) = logTrA ρ
q
A
1− q . (3)
E-mail address: nkim@khu.ac.kr.http://dx.doi.org/10.1016/j.physletb.2014.04.052
0370-2693/© 2014 The Author. Published by Elsevier B.V. This is an open access article
SCOAP3.It immediately follows that
lim
q→1 S(q)RE = SEE . (4)
Obviously the computation of the Rényi entropy will constitute a
more robust check for a conjectured equality, for instance when
one is to compare the result against calculation done in a very
different setting, like the proposal of Ryu–Takayanagi formula (see
e.g. [2] for a review) for holographic computation of entanglement
entropy via AdS/CFT correspondence [3].
Although the computation of entanglement or the Rényi en-
tropy may become very hard in general, for special cases it is
possible to obtain an analytic answer. In this paper we choose to
study free scalar ﬁeld theory, and choose the sphere of radius R as
the entangling surface between region A and B . The Rényi entropy
for this particular example is given as follows [4–7],
SEE = α
(
R

)2
− (1+ q)(1+ q
2)
360q3
log(R/), (5)
where  is UV cutoff, and the coeﬃcient of area law α is
scheme-dependent and non-universal as it is usually the case with
quadratic divergences in quantum ﬁeld theory. The q-dependent
function as the coeﬃcient of log term is a physical result, which
in more generality is given by Weyl anomaly coeﬃcient [8].
We will numerically check the validity of the above formula
for Rényi entropy, for a free scalar ﬁeld theory. The motivation for
this exercise is to attain experience and insight into the numerical
computation of Rényi entropy, as a preparation of more challeng-
ing problems such as gauge ﬁeld theory or interacting ﬁeld theory.
First of all as a general remark one expects the introduction ofunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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logarithm inside Tr of Eq. (2) with a power function. It will also
help, as we increase q, that the summands in (3) will become
smaller so we will have faster convergence and eventually smaller
values of SEE . We have conﬁrmed these predictions and also ob-
tained the numerical values. For q < 1 the numerical calculation
in average takes two to three times longer to ﬁnish than q > 1
cases.
We note that there exist several papers which include numeri-
cal evaluation of entanglement and Rényi entropy. The logarithmic
coeﬃcient in entanglement entropy was ﬁrst computed in [9]. Ex-
tension to different spacetime dimensions was studied in [10,11],
and [12]. The case of entangling surface with cylindrical topol-
ogy are studied in [13], and more recently in [14] for Rényi en-
tropy.
2. Rényi entropy of a free scalar ﬁeld on sphere
The discretization prescription of a free scalar ﬁeld for spheri-
cal entangling surface was ﬁrst worked out by Srednicki [1], and
reﬁned in subsequent works [9,10]. This section is largely a review
of these earlier works and serves to setup the notation.
Our starting point is the Hamiltonian for a real, massless free
scalar ﬁeld in four dimensions.
H = 1
2
∫
d3x
(
π2(x) + (∇φ(x))2). (6)
We can expand using spherical harmonics and in terms of partial-
wave Hamiltonians we have (x ≡ |x|).
Hlm = 12
∫
dx
{
π2lm(x) + x2
[
∂
∂x
(
φlm(x)
x
)]2
+ l(l + 1)
x2
φ2lm(x)
}
.
(7)
We may now put this Hamiltonian on lattice (discretize coordi-
nate x) with size a and obtain a system of coupled harmonic
oscillators (for each l,m)
Hlm = 12a
N∑
i, j=1
(
δi jπ
2
j + φi Ki jφ j
)
, (8)
where φ j ≡ φ(x = ja), etc. The mass matrix K can be computed
easily and the result is
K11 = 9
4
+ l(l + 1), (9)
K jj = 2+ 1
j2
(
1
2
+ l(l + 1)
)
, 2 ≤ j ≤ N, (10)
K j, j+1 = K j+1, j = − ( j + 1/2)
2
j( j + 1) , 1 ≤ j ≤ N − 1. (11)
Here N is the size of total space we introduce as an IR cut-
off. The radius of the sphere in this prescription can be taken as
R = (n + 1/2)a.
For a coupled harmonics oscillators system it is straightforward
to obtain the ground state density matrix, and tracing out the in-
side degrees of freedom when we divide the set of degrees of
freedom into two. The computational prescription is as follows.
The matrix K above is real and symmetric, and the eigenvalues are
positive. One may thus ﬁnd the “square root” of K , i.e. Ω = √K .
We then express it as
Ω =
(
A B
T
)
, (12)B Cwhere A is n× n and C is (N − n) × (N − n). From Ω we compute
the following (N − n) × (N − n) matrices step by step.
β = 1
2
BT A−1B, β ′ = 1√
C − β β
1√
C − β . (13)
Let us denote the eigenvalues of β ′ by β ′i ( i = 1,2, . . . ,N − n).
Then all the eigenvalues of the reduced density matrix ρout are
found to be
pi,k = (1− ξi)ξki , i = 1,2, . . . , (N − n), k = 0,1,2, . . . (14)
ξi = β
′
i
1+
√
1− β ′ 2i
. (15)
Now if we denote the eigenvalues of the reduced density matrix
ρout by pi (probability), they are given as
pi = (1− ξi)ξni , ξi =
β ′i
1+
√
1− β ′ 2i
. (16)
If we substitute these eigenvalues into the deﬁnition of Rényi en-
tropy Eq. (3), the Rényi entropy for each partial wave ﬁeld φlm is
given as
SEE(l) =
N−n∑
i=1
q(1− ξi) − log(1− ξqi )
1− q . (17)
Finally the entire Rényi entropy is
SEE =
∞∑
l=0
(2l + 1)SEE(l). (18)
3. Implementation and the results
For each step of the evaluation we are given speciﬁc values of
n,q,N, l. Using the matrix K and Eq. (17), one obtains a number
S(n,q,N, l). In reality what we need to calculate eventually is then
SRE(n,q) ≡
∞∑
l=0
(2l + 1) lim
N→∞ S(n,q,N, l). (19)
One practical issue which was not mentioned in [9] is that
some of the eigenvalues β ′i are negative. This boundary effect leads
to small but non-vanishing imaginary part in the computation of
entanglement entropy since it involves computing of logβ ′i . One
can introduce a small cutoff and ignore the eigenvalues whose
absolute value is smaller than the cutoff, making entanglement en-
tropy real. For the Rényi entropy we are interested here there will
not be imaginary part, but we will still use small cutoff but the
cutoff 10−9/(2l + 1) which will accelerate the computation.
Taking large N limit can be done by ﬁtting the large N behavior
of S(n,q,N, l) to asymptotic behavior S(n,q,N, l) ∼ al + bl/N2l+2.
This behavior was empirically discovered in [9], which we also
conﬁrmed in our results. Although this scaling does not precisely
hold for large l, the function even more quickly converges to the
limiting value S(n,q,∞, l) for large l and the error can be ignored.
We should also approximate the sum over l. For this purpose
we ﬁrst compute and do summation of (2l + 1)S(n,q,∞, l) up to
the point l = lc where it becomes smaller than a pre-set value,
which we chose to be 10−4. From there we evaluate S for ten
different values of l, equally spaced from lc to 2lc . Then these data
points are ﬁt against simple power dependence A/lB and then the
rest of the summation can be approximated using Euler–McLaurin
formula.
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Table 1
Results for coeﬃcient of log term for several representative values of q.
q f (q) Result Error (%)
0.85 −0.00720679 −0.00722281 −0.2224
0.9 −0.00655197 −0.00655358 −0.0245248
0.95 −0.00600974 −0.00600474 0.0832791
1.0 −0.00555556 −0.00553657 0.34174
2.0 −0.00260417 −0.00258039 −0.921397
3.0 −0.00205761 −0.00204609 −0.563415
4.0 −0.00184462 −0.00184719 −0.139543
5.0 −0.00173333 −0.00173154 0.10353
7.0 −0.0016197 −0.00162221 −0.155219
9.0 −0.00156226 −0.00157219 −0.635452
∞∑
l=L
A
lB
= A
2LB
+ A
(B − 1)LB−1 + · · · . (20)
One may use much more elaborate expression for large l behav-
ior including (log l) terms for instance as advocated in [13]. But
our results using the above simple l-dependence assumption show
fairly nice agreement for the coeﬃcient of log R term as we will
see shortly.
Finally we repeat the above procedure for different size of the
entangling surface, which corresponds to n. For small n there exists
ﬁnite size effect so we had better consider large n. But it turns
out that the computing time increases for larger n. We ﬁnd the
choice of [9], i.e. 45 ≤ n ≤ 60 is at a reasonable balance between
computing time and accuracy of the result and always use these
numbers.
We wrote the code in Mathematica and used a high-perfor-
mance PC with Intel Xeon X5650 processor. We ﬁrst repeated the
computation of entanglement entropy and found the log coeﬃcient
to be −0.00553657, off by 0.34% from analytic result of −1/180.
More generally, from analytic computation using e.g. heat kernel
method gives
f (q) = − (1+ q)(1+ q
2)
720q3
, (21)
which we already quoted in Eq. (5). The computation for q < 1 was
done at points q = 0.85,0.86, . . . ,0.95 and the computing time
was in average about 50 to 60 hours per each value of q. The re-
sults are good and agree with analytic value mostly within 0.1%.
We also did computation for 1.8 ≤ q ≤ 3.6 where the change of
coeﬃcient function is still noticeable. And also the computation
was done for larger values of q where f (q) is closer to the lim-
iting value −1/720 ≈ 0.00138889. The results are presented in a
plot in Fig. 1, and the data for representative points are given in
Table 1.
In Table 1 and Fig. 1 we ﬁnd that as a general trend the nu-
merical error for f (q) increases with q. To see why it is the case,Fig. 2. Plot of q vs. the coeﬃcient of area law coeﬃcient in Rényi entropy.
it helps to study the behavior of the coeﬃcient for area law. See
Fig. 2 where we have plotted α of Eq. (5) vs. q. It is monotonically
decreasing with q, and if we ﬁt against a polynomial of 1/q like
f (q), our numerical data yield
α ≈ 0.0513711+ 0.0123577
q
+ 0.211369
q2
− 0.240302
q3
+ 0.259937
q4
+ · · · (22)
In our code we have used a ﬁxed set of values to approximate the
various limiting procedures in Eq. (19). Since SRE is a monotoni-
cally decreasing function of q, the use of ﬁxed cut-off values mean
that the relative error should increase with q. It must be the case
that one can reduce the error by changing the cutoffs, but that will
also increase the computing time.
Let us summarize our result now. We have numerically com-
puted the Rényi entropy and extracted the logarithmic subleading
dependence on boundary area. The result nicely agrees with con-
formal ﬁeld theory computation. For larger values of q the com-
puting time is shorter by roughly by a factor of two to three,
although the numerical error tends to increase at the same time.
It would be interesting to apply this technique to interacting ﬁeld
theories.
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